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Response process data have the potential to provide a rich description of test-takers’ thinking processes.
However, retrieving insights from these data presents a challenge for educational assessments and educational data mining as they are complex and not well annotated. The present study addresses this
challenge by developing a computational model that simulates how different problem-solving strategies
would behave while searching for a solution to a Program for International Student Assessment (PISA)
2012 problem-solving item, and uses n-gram processing of data together with a naı̈ve Bayesian classifier
to infer latent problem-solving strategies from the test-takers’ response process data. The retrieval of
simulated strategies improved with increased n-gram length, reaching an accuracy of 0.72 on the original
PISA task. Applying the model to generalized versions of the task showed that classification accuracy increased with problem size and the mean number of actions, reaching a classification accuracy of 0.90 for
certain task versions. The strategy that was most efficient and effective in the PISA Traffic task evaluated
paths based on the labeled travel time. However, in generalized versions of the task, a straight line strategy was more effective. When applying the classifier to empirical data, most test-takers were classified as
using a random path strategy (46%). Test-takers classified as using the travel time strategy had the highest probability of solving the task (p̂ ≈ 1). The test-takers classified as using the random actions strategy
had the lowest probability of solving the task (p̂ ≈ 0.11). The effect of (classified) strategy on general
PISA problem-solving performance was overall weak, except for a negative effect for the random actions
strategy (β ≈ −65, CI95% ≈ [−96, −36]). The study contributes with a novel approach to inferring
latent problem-solving strategies from action sequences. The study also illustrates how simulations can
provide valuable information about item design by exploring how changing item properties could affect
the accuracy of inferences about unobserved problem-solving strategies.
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1.

I NTRODUCTION

The goal of educational data mining is to use data mining techniques to improve education
(Romero and Ventura, 2020). One aspect of education is the assessment of skills and knowledge
of learners, from the individual level to the societal level. The response processes of test-takers
have a given place in the validation of test scores and are emphasized in the Standards for
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Educational and Psychological Testing (2014). However, this rich source of information is rarely
used in research and practice (Ercikan and Pellegrino, 2017; Hubley and Zumbo, 2017). With
the advent of computer-administered assessments and complex interactive test items, response
process data have become widely available, making the development of research methods on
how to best extract information from response process data increasingly relevant. The usual
observational outcomes from large-scale educational tests are product data, a final result of a
problem-solving process that is often coded as 1 or 0 indicating if a test item was solved or not
solved. In comparison, response processes data refer to data of comparatively greater resolution,
which provides additional information concerning intermediate events or measurements that
preceded the product data, however, the distinction between product- and process data can be
fuzzy as noted by Levy (2020). Process data are messy and abundant, one item could contain
as many observations as there are items in an assessment. This makes educational process data
a very interesting topic for educational data mining. Embedded in the noisy process data are
interesting clues regarding what kind of thinking processes could have caused test-takers to
behave in the way they did. The increased amount of behavioral measurements together with
innovative item designs make it difficult to imagine, evaluate and predict all the different ways
that it is possible to respond to tasks, and what the responses reveal about test-takers regarding
the purpose of the assessment. That is, the interpretation of response processes as indicators
of latent constructs is not always straightforward. This is partly because the cognitive models
in most assessments, particularly large-scale assessments, are described at a high level of test
specification or domain mastery, and not at the level of task performance (Leighton and Gierl,
2007).
Data mining methods within the educational context fall within five general categories (Baker,
2010). The first three, prediction, clustering, and relationship mining, are general to all areas of
data mining, while the remaining two, discovery with models, and distillation of data for human
judgment, are of specific interest in educational data mining. An example of a prediction and
clustering study applied to process data from educational assessments include Qiao and Jiao
(2018) which explored both supervised and unsupervised data mining techniques to analyze response process data from PISA 2012 problem-solving items and found that they could predict
score labels from process data variables with high accuracy. Another example is Salles et al.
(2020) which used different clustering techniques to extract problem-solving strategies from educational log data, but could not find that their unsupervised technique provided a satisfactory
explanation of why students achieved the correct answer to the test item. Greiff et al. (2015) explored how an a priori developed process-data derived indicator of a specified problem-solving
strategy (isolated variation of variables) was related to task performance on a PISA problemsolving task and found that it related to high percentages of correctly solving the item, while the
absence of using the strategy was related to low percent of solving the task. The importance of
the strategy was corroborated by an unsupervised approach (latent class analysis) in a later study
(Xu et al., 2018). Other approaches used to analyze educational process data include latent topic
models (Xu et al., 2020), autoencoders (Tang et al., 2021), and linear dynamic systems (Paassen
et al., 2021).
The present research takes an approach that differs somewhat from the pure data mining
techniques by using a simple data mining technique in combination with a stochastic simulation model. The simulation model represents the data generating process of different problemsolving strategies, and the data mining technique is applied to infer which problem-solving
strategy most probably generated an observed action sequence. And as such it could be char-
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acterized as a kind of discovery with models since the result from one data mining analysis is
used in another analysis (Baker and Siemens, 2014). Computational models are characterized
by a close conceptual relationship between a theory of a latent construct and a model of the
construct, and aim at both explaining and generating behavior, which is useful in many ways.
For example, they could provide an understanding of potential reasons why test-takers failed or
passed a task, an understanding of what kind of thinking was required to solve the task, and what
kind of behaviors could be generated by different ways of thinking.
Several areas have been suggested in which computational cognitive models are relevant to
assessment and education. For example, automated assessment and instruction (Rafferty, 2014),
understanding data from complex tasks (LaMar, 2014), and predict skill decay and personalizing
training for raters of constructed response scoring (Walsh et al., 2021). They could also be used
for providing validity evidence regarding the interpretation of scores (Kane and Mislevy, 2017).
A report by (Moon et al., 2018) suggested that computational cognitive models could be used to
evaluate item format designs, provide validity evidence and automated identification of solution
strategies, and improve human scoring.
Much of the focus of Artificial Intelligence (AI) and Machine Learning (ML) methods is on
prediction, but greater insight into the explanatory power of models has been asked for (Rosé
et al., 2019), something which computational models could help address. Researchers have also
asked for item designs that allow for the clear identification of different strategies (He et al.,
2021). By simulating problem-solving behavior from computational models, it is possible to
address the issue of strategy identification, for example by modeling how changes in item design
would affect the accuracy of inferences about latent strategies.
The present study seeks to contribute to the ongoing research on process data in educational
assessment and data mining by using computational cognitive modeling together with a basic
data mining method of text classification to make inferences from observed process data to latent
problem-solving strategies.
1.1.

A IM

The aim of this study is to:
1. Develop a computational model that explains and simulates how the observed problemsolving behaviors could be generated using different problem-solving strategies in a PISA
problem-solving task.
2. Investigate to what extent latent problem-solving strategies can be retrieved from the observed behaviors (2a), and whether the accuracy of retrieval is affected by changing the
item design (2b).
3. Assess the performance of different problem-solving strategies in the original version of
the PISA problem-solving task (3a) and in generalized versions of the task (3b).
4. Achieve further evidence of validity regarding the latent strategy inference by investigating how the test-takers’ predicted strategies relate to task performance (4a) and overall
problem-solving competency as measured by PISA (4b).
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1.2.

O RGANIZATION

OF STUDY

The study proceeds by introducing the PISA problem-solving item Traffic in Section 2. This is
followed by Section 3 with a brief theoretical background on problem-solving. The computational cognitive model representing problem-solving in the Traffic task is presented in Section
4. Section 5 outlines the methods used to infer the latent strategies. Section 6 presents three
simulation studies that assess the correspondence between the model and empirical behavior,
the retrieval accuracy of latent strategy inference, and the problem-solving performance of the
different strategies. In Section 7, latent strategy inference is applied to empirical data from the
PISA test-takers to achieve further validity evidence and investigate how the inferred strategy
of real test-takers relates to task performance and general PISA performance. Finally, the study
ends with a discussion in Section 8.

2.

PISA AND THE T RAFFIC TASK

Programme for International Student Assessment (PISA) is a triennial large-scale international
comparative study that assesses 15-year-old students’ in the domains of mathematics, science,
and reading (OECD, 2013). In 2012, 65 countries and economies participated in PISA (OECD,
2014). In addition to the regular PISA assessment battery, PISA 2012 also featured an optional computer-based problem-solving assessment, and about 85 000 students in 44 countries took part in this assessment. The present study used data from all students that were
administered the Traffic task (Figure 1) as part of the problem-solving assessment, around
25000 students from all participating countries. The present study focuses on Traffic item 2
(coded CP07Q02), which can be viewed and tested at www.oecd.org/pisa/test-2012/
testquestions/question2/. The task comprises stimuli depicting a road network with
associated travel times between cities. The test-takers were introduced to the task with the
following written prompt: ”Maria wants to travel from Diamond to Einstein. The quickest
route takes 31 minutes. Highlight this route.” (OECD, 2014, p.41, Figure v.1.17). The testtakers could highlight and unhighlight routes by clicking on sections of paths (the edges in
graph-theoretical terms) and remove their selected path with a reset button. When a section was
highlighted, the total travel time of the selected paths was added together and shown in a box
in the lower-left region of the stimuli. The Traffic task was part of a set of items constructed
to measure a construct called “problem-solving competency” which comprised: exploring and
understanding, representing and formulating, planning and executing, and monitoring and reflecting. The Traffic task was specifically designed to measure the sub-construct planning and
executing: ”planning, which consists of goal setting, including clarifying the overall goal, and
setting subgoals, where necessary; and devising a plan or strategy to reach the goal state, including the steps to be undertaken” (OECD, 2014, p.82), and ”executing, which consists of carrying
out a plan” (OECD, 2014, p.83). Specifically for question 2 of the Traffic task, we can read that
”Students can use the indication that the quickest route takes 31 minutes to avoid generating all
possible alternatives systematically; instead, they can explore the network in a targeted way to
find the route that takes 31 minutes” (OECD, 2014, p.41).
According to the framework outlined by PISA, the Traffic task requires test-takers to set
goals, formulate a plan or strategy that explores the network in a targeted way, and execute the
strategy. The Traffic task was scored as product data, with a 1 if the correct path was highlighted
when ending the task, and with a 0 if the correct path was not highlighted. From the assessment’s
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Figure 1: Traffic task. Labels of action events are shown in capital letters, B refers to a click
on the link between Diamond to Silver, X to a click on the reset button, and so on. Using the
notation, we can say that the path B, T, I, P, K has been highlighted.

perspective, this information is sufficient to conclude that the test-taker engaged in the cognitive
processes of planning and execution as defined by PISA and that a score of 1 indicates a higher
ability on the latent construct compared to a score of 0. Can we, however, be sure that test-takers
that solved the task were better at planning and formulating a strategy, as well as executing it?
It can be assumed that different strategies can be followed in order to explore the road network
and find the path that solves the task. Some strategies might search in a “targeted way” and
use different kinds of information in the planning of actions, while other strategies perhaps
rely on less targeted exploration of random trial and error. While product data do not give
any information that could help differentiate between such strategies, perhaps process data do.
However, this reasoning requires a link between the behavioral responses and the latent construct
of interest. The present study creates such a link by creating a computer program that models
how problem-solving behavior in the Traffic task could be generated by following different latent
problem-solving strategies.

3.

P ROBLEM - SOLVING STRATEGIES

The overall perspective on problem solving used in this study comes from Newell (1990) which
considers problem solving as a search process over a problem space. A problem-solving agent
faces a problem when the agent is in a state, wants to be in another state (a goal state), but
does not know what to do in order to transfer from the current state to the goal state. Since the
agent does not immediately know what to do, it has to search among the available actions. The
problem-solving agent can use available knowledge to narrow down the search by prioritizing
alternative actions. If the agent has complete knowledge of the problem, it does not have to
search for a solution, it can just retrieve the solution from memory, execute the necessary actions,
and arrive at the goal state. In planning, the agent tries to solve (parts of) the problem before
executing a solution. Planning can be carried out offline by completely planning a solution
before taking any action in the environment, or online by planning in real-time while acting in
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the environment. In the present study, no sharp distinction is made between problem solving and
planning, since planning can be understood as a kind of problem-solving task in itself. In the
Traffic task, we can think of the planning as being very similar to a problem-solving strategy. A
problem solver has the overarching goal of finding the shortest path, and some kind of strategy
or plan has to be followed in order to come up with a set of actions that hopefully will select
the path that solves the problem. Once the plan, or parts of the plan, are formulated, the plan is
tested by executing actions and observing the result. The following subsection provides some
clues regarding factors that could be taken into consideration by problem solvers when creating
plans to try to solve the Traffic task.
3.1.

P ROBLEM

SOLVING IN SHORTEST PATH SEARCH AND RELATED PROBLEMS

There exists a rich library of algorithms and approaches within the field of computer science
with respect to state-space search and path planning. Some basic search algorithms for searching
a problem graph are breadth-first search (BFS), depth-first search (DFS), Dijkstra’s algorithm,
greedy best-first search, recursive best-first search (RBFS), and the A* algorithm (Edelkamp and
Schrodl, 2011; Russell and Norvig, 2021). BFS explores all unexplored neighboring nodes in
the problem tree or graph that can be reached from the starting level before proceeding to explore
nodes in the next level. DFS explores as far down it can until it hits a dead end, it then backs up
levels to the first unexplored node and starts exploring further down again. Dijkstra’s algorithm
is similar to BFS, but return optimal solutions to single-source shortest path problem on graphs
that have weighted edges. Dijkstra’s algorithm works by keeping track of the minimum distance
from a predecessor node to the next node. Algorithms BFS, DFS, and Djikstra are uninformed
algorithms, meaning that they do not take any additional estimates into account in their node
selection than the information given from a neighboring node. A* algorithm differs from the
previous algorithms by being guided by a heuristic. A heuristic is some evaluation of a future
state, or an estimate of a cost to reach a goal state, which makes it more ”promising” to move to
certain nodes. A* is similar to Djikstra’s algorithm but guides the search by adding a heuristic
value to the edge weight costs. Greedy best-first search algorithms simply decide to move to the
node with the best heuristic value.
Contrary to the imaginative, creative, and satisficing (non-optimal) nature of human problem
solving, the basic algorithms from computer science mentioned above are developed to return
solutions, some of which can be guaranteed to return optimal solutions under certain circumstances. The basic computer science algorithms execute their actions deterministically and do
not make mistakes or forget which paths and solutions they have previously explored (if not
explicitly told to do so). Standard AI algorithms like A* produce fixed paths without variation,
something that goes against what is characteristic of human path planning (Dubey et al., 2022).
A* also requires a lot of memory since it needs to keep track of all previously reached states.
Thus, many basic computer science algorithms are not, in their original form, good candidates
for models over human behavior, they can however be modified into more realistic models for
human thinking and behavior. Rahmani and Pelechano (2022) proposed a DFS algorithm that
was modified with a greedy heuristic to model human search in unknown environments. The
heuristic was based on orientation toward the goal since it has been reported that humans like
to walk as far as they can in a straight line toward goal locations. DFS was also chosen since
humans are characterized to explore sequentially towards the goal. However, the more knowledge humans had of the environment the more their solution path lengths started to approach
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solutions with optimal path lengths as given by an A* search algorithm.
The problem that is of focus in this study, the PISA Traffic task, is a task where the goal is to
find and highlight the shortest path between two nodes in a weighted 2D graph where the weights
are explicitly labeled next to the edges, and where the shortest path is indicated by an exact total
travel time that the problem solver already knows from the start. Only a few studies could be
found that have investigated which strategies humans rely on to solve shortest path problems
in 2D graphs, and no studies could be found that explore human problem-solving strategies on
problems that are identical to the PISA Traffic task. On shortest path problems on 2D graphs
without weights, Huang et al. (2009) observed a tendency among the participants to prioritize
paths based on how close they are to a hypothetical straight-line path between the start and
target nodes, results that are in line with (Dalton, 2003). The preference for straight-line paths is
related to another human preference to select paths based on minimizing the angles in paths or
towards the goal (Turner, 2009; Hochmair and Frank, 2000). Factors that influence the difficulty
of finding the shortest path in graphs are the number of edges in a path, path continuity, the
angular deviation of adjacent edges on a path, the number of edge crossings, and the number
of nodes in the path (Ware et al., 2002). Unsurprisingly path planning problems become more
difficult with increased size or complexity (Reitter and Lebiere, 2010; Dye, 2007).
An eye-tracking study by Netzel et al. (2014) investigated reading strategies on metro maps.
The task was to find a route between a start and target station and state how many transitions were
necessary. Different clusters of eye movements were identified and interpreted as indicating
three different strategies. Some of the participants seemed to start the search by foveating the
start node and then incrementally and locally moving closer to the goal node. Another strategy
involved the participants starting the search by jumping from the start node to the goal node and
then back to the start node before starting to work their way locally from the start node to the
goal node. In yet another strategy, the participants made serial fixations back and forth between
the start and goal nodes, probably verifying the path.
A problem related to shortest path-problems is the traveling salesperson problem (TSP). In
a TSP the goal is to find the shortest round trip that visits all nodes on a graph. Hypothesized
strategies proposed for this kind of task have been a local nearest-neighbor strategy (Gärling,
1989), predominately so when only numerical distances are presented to problem solvers, but
also when a spatial picture representation is presented. Other proposed strategies include a
sequential convex hull model in which the participants start by connecting the outer boundary
points, strategies relying on cross avoidance, and strategies using global-to-local processing
(MacGregor and Chu, 2011). How far problem solvers can look into future states of the problem
depend on how far they can keep a mental lookahead. According to Basso et al. (2001) the
participants only plan a small section at a time and then readjust their planning as they progress.
Reitter and Lebiere (2010) proposed that humans search by using an egocentric strategy when
planning paths in 2D maps due to limits of visual attention and memory and that these limitations
lead to a planning process with local increments and local optimization. Similarly, a study
comparing computational models of a search process in a real-life search task found that realistic
search involves local decisions and goal-directed behavior (Mueller et al., 2013); in this study a
goal scent model with multiple goals showed the best fit with respect to human-produced data,
although a model using random goals did also replicate human data well in many aspects. A
similar, locally initiated, fine-to-coarse hierarchical path planning strategy has been proposed by
Wiener and Mallot (2003). In this strategy, the planning agent uses fine detail information for
close surroundings and less detailed information for distant spaces to plan a route to the local

52

7

Journal of Educational Data Mining, Volume 14, No 1, 2022

region where the goal is located, after which a path is planned to the exact location of the goal.
Previous studies have not used tasks that are identical to the PISA Traffic task. However,
they are still relevant regarding possible visual heuristic strategies for finding the shortest paths
and the interpretation of the results in the present study. In summary, it would appear that
when humans use visual heuristics on unlabeled graphs, they use heuristics that favor short and
straight paths, that try to avoid sharp angles and crossings. Problems become more difficult
as they become larger in size or more complex. Problem solvers seem to be limited in how
much they can plan ahead of time, which can lead to non-optimal solutions. Previous research
indicates that a variety of strategies exist, strategies that rely more on local processing, other
strategies that explore more globally, and strategies that are a combination of both.
3.2.

P ROBLEM - SOLVING

STRATEGIES IN THE

PISA T RAFFIC

TASK

Process data from the test-takers’ behaviors on the PISA 2012 Traffic task have been the subject
of a few previous studies. Liu et al. (2018) used the Traffic task to apply a modified multilevel mixture IRT model. They found that the model could both differentiate between response
strategies and provide estimates of ability. The strategy classes were based on the behavior
of selecting identical or similar routes multiple times. They found no differences between the
group that solved the task and the group that did not solve the task regarding the frequencies of
selecting wrong paths.
Fang and Ying (2020) used the first item from the Traffic task scenario (Code CP07Q01) to
apply a latent theme dictionary model for identifying patterns in the process data. The method
reduces the test-takers’ sequences to sub-sequences (sentences) by a cutting process defined
subjectively, or by special events which in the case of the Traffic task be actions of resetting,
highlighting, or unhighlighting. The results showed that, on average, the test-takers had around
10 sentences (i.e. 10 changes in unhighlighting or highlighting). They found that some classes
of test-takers had a higher probability of finding the correct answer, some were slower, some
were more efficient, while other classes of test-takers did not use frequently observed action
sequences.
Chen et al. (2022) analyzed the Traffic task with a Latent Space Model which they applied to
cluster actions, error analysis of test-taker behavior, and as a performance measurement. They
used an average linkage measurement in which larger values indicate less efficient problem
solving, and lower values more efficient problem solving (if the item was solved). Test-takers
who solved the task had generally lower average linkage values compared to test-takers who did
not solve the task, however, the results also suggested variation in average linkage measurement
for test-takers, which indicates that test-takers can solve and fail to solve the task with many
different kinds of behaviors of different efficiency.
Lundgren and Eklöf (2020) used the Traffic task (CP07Q02) to explore test-takers’ testtaking effort and motivation. The results showed that there was variation in the number of trials
and actions undertaken by the test-takers before finding the solution. This suggests that different
strategies guide the search. The results also showed that the Traffic task can apparently be solved
by offline planning, that is, by not executing any observed actions initially and then delivering
the correct solution. However, the predominant way of solving the task seemed to be by online
planning.
In summary, previous research on the Traffic task suggests that there is a lot of variation in
how the test-takers solve the tasks and that there are more and less efficient ways of solving
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the tasks. The fact that it is common for the test-takers to try multiple paths before solving a
task suggests an online trial and error search process, since had the solutions been completely
planned before any actions were executed, the tester-taker would probably have only needed
one attempt to solve the task. This, in turn, means that for most of the test-takers, the action
sequences will leave information that reflects their cognitive search process and provide data
that is informative of their latent problem-solving strategies, and as such the log-file data from
the PISA 2012 problem-solving assessment make for a good case study to investigate how some
of the previously mentioned assessment-relevant applications could be realized.

4.
4.1.

C OMPUTATIONAL MODEL
R EPRESENTATION

OF THE

T RAFFIC

TASK PROBLEM

The Traffic task can be represented as a graph where the cities are represented by nodes, the
roads connecting the cities are represented by edges, and the travel time of the roads is indicated
by weights related to the edges. The set of possible actions includes actions that change the
environment: clicking on any of the sections of roads and clicking on the reset button. If an
unhighlighted edge is clicked, it is highlighted, and vice versa. If the reset button is clicked, any
currently highlighted edge will become unhighlighted. The goal state of the task is to find a path
between two cities that satisfies a predefined time cost.
4.2.

M ODEL

OF PROBLEM - SOLVING IN

T RAFFIC

TASKS

A model is often developed from a verbal account of the data generating process. It was hypothesized that the way test-takers would try to solve the Traffic task is to start by visually
exploring the stimuli, and locating and reading the instructions. Once the task is understood and
the test-taker intends to try to solve the task, the test-taker will follow some strategy to search
for a path that the test-taker believes will achieve the goal state of the task. The test-taker will
then highlight the path by performing a series of clicks. Adjustments may be made along the
way depending on how far the path has been planned. There might be some errors made in the
process of the planning, or while executing the clicks. Having completed a path, the test-taker
will be interested in learning whether the selected path corresponded to the correct solution to
the problem. This is achieved by ensuring that there is a complete path between the target and
goal location and that this path does not exceed the predefined time constraint. If the selected
path was the correct path, the problem solver will have found the goal state, be satisfied with the
performance, and move on to other tasks. If the selected path did not solve the problem, then
the test-taker would try additional paths in the same way as described above, for as long as the
test-taker is motivated to solve the task, or until the solution is found.
Algorithm 1 provides a high-level description of the problem-solving loop that was used
to simulate the problem-solving behavior described above. In line 1, the problem solver starts
by believing that the goal state has not been found. Line 2 starts the problem-solving loop
that will run as long as the goal state has not been found and the test-taker is motivated to
keep on trying. In line 3, the planning is done by a function plan(h) that takes argument h
which is parameterized with the heuristic evaluation function that evaluates the cost of taking
actions. The problem solver wants to minimize the cost of the heuristic function, prioritizing
actions that lead to lower costs, see Algorithm 2 for a high-level description of the planning
subroutine. The evaluation function represents one of six problem-solving strategies that are
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Algorithm 1 Main loop of the problem-solving model
1: goal state found ← false
2: while (not goal state found) and motivated do
3:
planned actions ← plan(h = strategy)
4:
for action in planned actions do
5:
task.event(action)
6:
end for
7:
goal state found ← check goal(task)
8: end while
explained in more detail in Section 4.3 below. Thus, we can think of line 3 as representing
a planning phase where a test-taker plans their actions, to some depth and according to some
strategy. The planning function returns a list of planned actions (planned actions) that
are executed one by one within the for-loop at line 5, where the function task.event()
changes the configuration of the Traffic task environment depending on which action that was
used as input, simulating a click on the stimuli. In line 7, the problem solver uses the function
check goal() to determine whether the correct path has been found. This simply simulates
that a test-taker verifies whether the goal state criteria were fulfilled, making sure that there is
a highlighted route between Diamond and Einstein with a travel time of exactly 31 minutes. If
the goal state check returns True the while loop will terminate. Otherwise, it will repeat the
process, provided that the problem solver is still motivated.
Algorithm 2 High-level description of planning subroutine
1: function plan(h)
2:
prioritize all sub-paths from the current node to depth d with cost from heuristic h
3:
return list of actions that completes the sub-path with the least heuristic cost
4: end function
It should be noted that this model produces the same kind of data as the empirical data (disregarding the information on time intervals between actions), that is ordered records of executed
actions (action0 , action1 , . . . actionn ), where each action is an action from the set of possible
actions. The model also generates behavioral data sequentially, which is how real test-takers
would generate it. The action sequences are dependent on which strategy is used by the agent,
just as we believe that the sequence generated by a real test-taker is the result of the strategy
that they used when trying to solve the task. We now move on to describe the strategies that are
proposed as explaining the problem-solving behavior in the Traffic task.
4.3.

P ROBLEM - SOLVING

STRATEGIES

Two uninformed and four heuristic strategies were considered. Uninformed strategies do not use
any heuristic estimates to guide selection between possible actions, while the heuristic strategies guide their action selection by an evaluation function. See Russell and Norvig (2021) and
Edelkamp and Schrodl (2011) for further details on heuristics and AI search algorithms.
Strategies 3 to 6 build on a combination of depth-first search (DFS), depth-limited search,
best-first search, and iterative deepening search. The planning process works by first exploring
depth-first to a predefined maximum depth limit, and then choosing the path with the lowest
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heuristic cost (as such it is similar to the algorithm proposed Rahmani and Pelechano (2022)
for human path-finding in unknown environments). If the depth limit is low, a complete path
will not be planned between the start and goal node. In this case, the actions of the partial
path will be executed once the depth limit is reached, and then another depth-limited search
will depart from the end node of the first partial path. This type of search process was selected
to model human problem-solving strategies since it follows the iterative exploratory behavior
observed by the eye-tracking study (Netzel et al., 2014), and it aligns with the hierarchical path
planning hypothesis (Wiener and Mallot, 2003). Iterative deepening DFS was chosen since it
is related to the progressive deepening (de Groot, 1978) search strategy used by chess players,
and endorsed by Newell and Simon (1972) as a model for general human problem solving due
to limited working memory and short-term memory. The depth limit of the search process
represents the mental lookahead of the modeled problem solver - how far down the road the
agent can plan before deciding on following a path. This parameter can be varied to allow for
differences in mental lookahead. A shallow depth leads to a local strategy and a greater depth to
a more globally informed strategy. If the depth is set to 1, a decision is made after having only
considered the nearest neighboring nodes, only looking one step ahead. A small lookahead could
explain the error of taking a globally non-optimal path, running into dead ends, as observed by
Huang et al. (2009). By increasing the search depth, it is possible to model a problem solver
with a greater mental lookahead that can plan and compare paths of greater length.
4.3.1.

Random actions

One very simple strategy is to close your eyes and click randomly on the edges or the reset
button, and just hope that you solve the problem. Finding a solution with this strategy is for most
problems as likely as winning the jackpot in the lottery. This strategy is unlikely to be used by
any real problem solver but is it is included to represent the behavior of someone who interacts
with the task but is not interested in trying to solve it, or a kind of residual class representing
motivated problem-solving behavior that deviates from any of the other strategies and thus not
well understood. The strategy this model uses to select actions was implemented by sampling
actions from a uniform distribution over the set of available actions.
4.3.2.

Random paths

A more reasonable strategy is to randomly try paths between the start and goal destinations. Try
one path; if it is not the correct path, try another path, and so on, until you eventually find the path
that solves the problem. This problem-solving strategy is very similar to depth-first search, but
it is not constrained to explore nodes in a systematic order as depth-first does. This strategy was
implemented by choosing actions arbitrarily as long as they were limited to creating paths that
are plausible. ”Plausible” in this context means that the problem solver disregards extremely
meandering paths, which were regulated by a threshold on the angular deviation of an edge
with respect to the goal node. Note that this strategy is not strictly uninformed since it uses
a constraint (based on the angle) on which paths it can choose from, it does not however use
any heuristic to prioritize between paths that respect the constraint. However, if a test-taker was
given an angle constraint equal to π (no constraint) then the forward phase of the algorithm
would be a DFS search.
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Table 1: Parameter setting in model and strategies.
Parameter
Motivation
Start node
Path switch method
Angle threshold
Search depth
P (forgetting path)
P (mistake)
P (indecisiveness)

Value/function
Negative-Binomial(λ = 100, κ = 5)
P (Diamond) = 0.9, P (Einstein) = 0.1
Uniform({reset, backtrack, optimal, memory})
Beta(0.01, 1), transformed to interval [π/2, π]
Binomial(5, 0.5) + 1
0.1
0.1
0.1

Strategy
All
⋆
⋆
⋆
△
⋆
⋆
⋆

⋆ Not used by random actions; △: only used by heuristic strategies

4.3.3.

Travel time

The travel time strategy selects actions leading to the lowest travel time cost. Travel time is
indicated by the labels near the edges. This model reflects an informed search process that
focuses on minimizing what matters to solve the task: the travel times. This would be like
comparing the travel times of all paths to a limited depth. This strategy is similar to Dijkstra’s
algorithm, but only searches for a limited depth.
4.3.4.

Visual length

The visual length strategy selects actions by minimizing the visual length of paths. Visual
lengths of paths were approximated by measuring the length in pixels of the road sections in
Traffic task stimuli.
4.3.5.

Straight line

The straight line strategy selects actions by minimizing the Euclidean distance between a neighboring node and an imagined straight line between the start and goal node. This strategy represents the straight line tendency observed by Huang et al. (2009).
4.3.6.

Least angle

The least angle strategy evaluates actions by choosing the action that leads to the smallest angular deviation to the next future node compared to the alternative nodes. It is a sort of variation
on the straight-line strategy but it does not necessarily try to select nodes that are close to a
global straight line to the goal; it just tries to avoid sharp turns. This strategy is motivated by
the observations in previous research that human problem solvers solving the TSP tend to avoid
crossings, paths with sharp angular deviations, and follow the convex hull.
4.3.7.

Parameter settings of strategies

All of the strategies (except random actions) have many common rules and parameters. In
the empirical data, it was observed that most participants (≈ 73%) first click was on edges
connected to Diamond, suggesting that they used Diamond as their starting node to search for
solutions. However, some participants (≈ 8%) also started building paths from Einstein (the
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remaining percentage started with some other action). For simplicity, since the models can only
start building paths from Diamond or Einstein, and since 73% to 8% has a similar ratio to 90 vs
10, simulations were set to have a 0.9 probability to start from Diamond and 0.1 probability to
start from Einstein. Since no loopy paths were observed to be created by test-takers, simulations
were not allowed to create loopy paths (except for random actions). Out of the 95 non-loopy
paths between Diamond and Einstein, there are many snake-like paths that were not considered
by the test-takers. To address this, most problem-solvers were assigned an angle threshold value
which helped them avoid selecting edges with very large angular deviations from the goal node.
These angle thresholds were, for each simulated test-taker, sampled from a Beta(0.01, 1) scaled
to π/2 to π radians. This leads the majority of simulated test-takers to avoid angles that are
larger than 90 degrees while allowing some simulated test-takers very liberal angle thresholds
leading them to explore zigzagged paths that account for outlier behavior.
To account for errors made when clicking, or by imperfect adherence to the strategy, simulated test-takers were set to have a probability of 0.1 of making a mistake, or an unintended,
action, such that a neighboring edge was clicked instead of the one that was prioritized by the
heuristic.
Real test-takers’ memory is not perfect, this was modeled by adding a parameter that regulated the probability of forgetting a path at any cycle of planning selection, the forgetting parameter was set to 0.1. Some indecisiveness was observed in the data from test-takers, indicated by
highlighting an edge, and then unhighlighting it, and then highlighting it again. This noise was
modeled with a parameter that regulated the probability of making such ”on-off” actions, it was
set to 0.1.
For the strategies that use heuristic evaluations, variation in the mental lookahead was
accounted for by varying the search depth limit. The search depths were generated by a
Binomial(n = 5, p = 0.5) + 1. Starting from Diamond, a search depth of 1 would require
a comparison to be made between 2 paths in the working memory, a depth of 2 would require
comparing 3 to 4 paths, a depth of 3 could require a comparison of 6 paths, and a depth of 4
would require even more comparisons, and so on. Thus, depths around 1 to 6 should approximately be within the limits of human working memory capacity. Working memory has often
been considered to be limited to 7 ± 2. However, others studies have estimated it to be approximately 4 (Cowan, 2001). Thus, this parameter could seem somewhat high, but we should also
consider that strategies that are predominantly perceptual might allow for greater depths to be
searched without having such a major impact on the working memory. The straight-line strategy is probably less demanding of working memory than, for example, the travel time strategy
which requires arithmetic to be done in the working memory while planning.
An often neglected, but important, aspect of problem solving are so-called “non-cognitive”
aspects such as motivation (Funke et al., 2018). Motivation is understood as a threshold that
regulates how much effort an agent is willing to expend to try to achieve the goal state of a task.
In order to model the variation in motivation, each problem-solving agent received a threshold
sampled from a negative binomial distribution with a mean parameter of 100, and a dispersion
parameter of 1, which makes it positively skewed, reflecting the long tails that were observed in
the empirical number of actions parameter. A summary of the fixed model parameters is given
in Table 1.
There are multiple ways to switch between paths that induce variation in the action sequences
that are not due to the planning strategy that is implemented but due to preference. Still, the noise
due to differences in the method of switching between paths requires modeling. Four different
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methods were observed to be used in the empirical data: Shifting paths using the reset button
(reset); Shifting paths by backtracking the selected path to a node that allowed for the next path
to be selected (backtrack); Shifting paths using the least number of actions needed (optimal);
Shifting paths by first highlighting one path, then highlighting a second path, then removing
the first path (memory). The strategy named backtrack was observed within the empirical data
used in this study and also described in an example in the study by Chen et al. (2022). The
last method, memory, was observed in the empirical data and was presumably used to offload
working memory. The different ways of switching between paths could be viewed as being
associated with the ”execution” part of problem solving. Examples of how the different methods
would switch between the same paths are displayed in Figure 2. The visualizations show that
the methods sometimes lead to differences in actions dependent on the method used to switch
between paths. This figure also provides examples of the behavior of the model while problemsolving.

(a) reset

(b) backtrack

(c) optimal

(d) memory

Figure 2: Visualization of different methods of switching between paths. Action sequences are displayed
row-wise. Cyan color: complete path, magenta color: incomplete path.

There could very well be differences in the proportions of each strategy used by the testtakers. The mixing proportions of strategies within the model were optimized by a combination
of grid search and a random search process. Optimizing hyperparameters with random search
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is rudimentary but has been shown to give better or equal results as grid search over the same
domain within less computational time (Bergstra and Bengio, 2012). Due to constraints with
respect to computational time resources, only 100 grid searches and 100 random searches were
run. The mixture proportion that gave the most favorable fit indices with respect to a ranking
of absolute deviation of the mean score, the mean number of actions, and the mean number
of trials, was chosen as the best fitting mixture parameter. Grid search was done by selecting
parameters from a fixed set of values. The grid search values was created by keeping proportions of random actions-strategy fixed at 0.05, while permuting elements in the following vectors: [0.05, 0.20, 0.20, 0.25, 0.25], [0.10, 0.20, 0.20, 0.20, 0.25], [0.05, 0.20, 0.20, 0.20, 0.3], and
[0.10, 0.20, 0.20, 0.225, 0.225]. Random actions were chosen to be fixed at 0.05 to limit the
number of combinations to be tested, and since it seemed unlikely that this strategy should be
more prevalent than any of the other strategies. However, for random search there was no such
constraint, the random search process mixture component vectors were sampled with uniform
probability with a Dirichlet(α = [1, 1, 1, 1, 1, 1]). The results from three different mixture proportions are presented in Section 6.1.

5.

L ATENT STRATEGY INFERENCE

If process data are to be used to diagnose which strategy test-takers applied while problemsolving, we need some method to infer, or retrieve, which strategy generated the observed
process data. The goal is to infer which type of latent program generated the data, or more
specifically to infer which strategy the problem solving program was parameterized with. One
way to approach this problem is to use a Multinomial naı̈ve Bayesian classifier. Naı̈ve Bayes
is called “naı̈ve” because it assumes that features are conditionally independent given the class.
However, the classifier can be made less naı̈ve by transforming the observed data into n-grams
that respect the dependencies of adjacent symbols up to length n. N-grams are often used in text
classification to account for sequential dependencies among words, and n-gram size has shown
to have a positive effect on classification performance for natural language data (Peng et al.,
2004). In the present study, we handle the process data as text, sequences of symbols, created
by an alphabet that is made up of the actions that are possible to do in the Traffic task. In this
case, the n-grams capture the context of actions regarding other actions. For further information
on Multinomial naı̈ve Bayes, see (Manning et al., 2008).
In brief, the strategy of using the classifier is as follows: simulate data on the problemsolving behavior for each strategy, train the naive Bayesian Classifier with n-gram processed data
labeled with the strategy that generated the data, and apply the classifier to n-gram processed
test-taker data to infer the latent strategy. A detailed description follows below.
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Figure 3: Illustration of the classification process.
In the present study, it is assumed that there exist a finite set of different strategies:
θ = {θrandom actions , θrandom paths , θtravel time , θstraight line , θangle , θvisual length }

We seek to infer which strategy θ ∈ θ is most probable given that we have observed a
sequence of actions y. We can calculate the probabilities of each strategy given the observed
actions y by applying Bayes’ theorem:
P (strategy|actions) = P (θ|y) =

P (θ)P (y|θ)
P (θ)P (y|θ)
=P
P (y)
θ∈θ P (θ)P (y|θ)

The prior P (θ) is in our case set from the best fitting mixture proportion parameter from the
grid search and random search. The likelihood of actions (n-grams to be specific) given a strategy P (y|θ) was computed by maximum likelihood estimation from simulated data. Since the
test data might contain features that were not observed in the training data, Laplace smoothing
(Manning et al., 2008) with α = 1 was used in the estimation of posteriors.
For an illustration of the classification process of individual test-takers data, see Figure 3.
First (1) a problem solver attempts to solve the task and produces a sequence of actions that are
(2) represented as a string of letters, and (3) converted into n-grams. The n-grams are then sent
into Bayes’ theorem, which computes the posterior probability of each strategy given the data,
and finally, the strategy with the greatest posterior probability (MAP: Maximum a posteriori) is
selected as the best estimate of which strategy that had generated the test-takers’ data (4). In
case more diagnostic information regarding the posterior probabilities of each of the strategies
is of interest, these values can be retrieved from the step before classification.

6.

S TUDY 1: S IMULATIONS

Three simulation studies were conducted. The first simulation study, related to research aim
1, investigated whether the computational model provided a reasonably good account of the
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(a) Number of actions

(b) Number of trials

(c) Action frequencies

Figure 4: Comparison of empirical (emp) versus simulated data (mod1, mod2, mod3). Plot (a)
show a histogram of numbers of actions. Plot (b) shows a histogram over the number of trails.
Max values for x-axes in plots (a) and (b) have been constrained to 200 and 30, respectively,
hiding some outliers but increasing interpretability.

empirical data. The second simulation investigated the accuracy of inference of latent strategies
(research aim 2). The third simulation study assessed the performance of the different strategies
(research aim 3).
6.1.

S IMULATION

STUDY

1: M ODEL E VALUATION

The aim of the first simulation study was to help set parameters of the model such that it produced behaviors that were similar to the behaviors produced by real test-takers. Stewart and
West (2010) argues that a broad range of measures should be considered when evaluating computational cognitive models. In the present study, the measures selected for evaluation were task
score (proportion solved tasks), the count of actions and count of trials (explored paths) before
stopping, and frequencies of specific actions. To evaluate the computational model, 200 simulated data sets of size N = 24859 (equal to the sample size of real test-takers) were generated
using the parameter settings presented in Table 1, and a mixture proportion that was given from
the grid- or random search.
The goodness of fit indices used was the absolute error of differences of means between
model-produced data and real test-taker data for task score, count of actions (NOA), and count
of trials. Kullback-Leibler divergence DKL quantifies the degree of dissimilarity between two
probability distributions (Bishop, 2006) and was used as an additional measure of the similarity of the distribution of action frequencies between the empirical and simulated data. String
metrics have previously been used to evaluate sequential process data (Hao et al., 2015), in the
present study the sum of the pairwise edit distances between the empirical sequences and modeled sequences was used as an indicator of similarity, with Levenshtein distance as the measure
of text distance. Furthermore the proportion of exact matching sequences between model generated data and data from real test-takers where calculated. Fit indices of three models only are
included for brevity. Two of the best models and one of the worst models are presented in Table
2.
From Table 2, as well as Figure 4 we can see that both model 1 and model 2 show similar
behavior and a better fit with respect to the empirical data compared to model 3. The fit is
however not perfect as indicated by the histograms. The counts of actions and counts of trials
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Table 2: Fit indices of three models
Model
82
114
100

Mixture proportions
[.05, .2, .225, .1, .2, .225]
[.072, .094, .036, .22, .123, .455]
[.661, .018, .04, .028, .051, .201]

Score
.001
.000
.435

NOA
.305
.076
47.776

Trials DKL
.004 .074
.106 .060
2.668 .173

Match
.193
.190
.210

Lev
2.563
2.591
5.108

Score, NOA (number of actions), Trials show absolute differences of means to empirical data;
DKL : Kullback-Leibler divergence of action frequencies from empirical frequencies;
Match: proportion exact matches; Lev: Levenshtein Distance ×10−10 .
Leading zeros were removed to reduce the width of the table.

are more right-skewed in models 1 and 2 compared to the empirical distribution, though better
fitting compared to model 3. The frequencies of actions from models 1 and 2 show a more
similar pattern to the empirical data than action frequencies from model 3, but there is not a
perfect overlap.
To provide further information on the similarity between the empirical and model-generated
distributions further analyses were run on model 1 and model 2. Modeling the task score
data with a beta-Bernoulli model and estimating the difference of the probability of successparameter between modeled and empirical data gave results that a zero difference was within a
95% Credible Interval (CI) for both model 1 and model 2. Modeling numbers of actions and
number of trials with a negative binomial and comparing the probability of a zero difference
between parameters from empirical and model-generated data, gave results that for numbers of
actions the equality of mean parameters was within a 95 % CI for both model 1 and model 2,
however, for the modeling of the count of trials a zero difference in the mean parameter was
within 95% CI only for model 1. The equality of dispersion parameters between empirical and
model-generated data was however outside a 95% CI for both model 1 and model 2. Since
model 1 produced more similar counts of trials than model 2 compared to the empirical data,
model 1 was chosen as the best-fitting model and used in subsequent analyses.

(a) Number of actions

(b) Number of trials

Figure 5: Number of actions and number of trials for each strategy. Results from model 1
Figure 5 present boxplots that show how each of the strategies contributes to the number of
actions, and the number of trials. Results are from Model 1. The plots show the travel time- and
visual length strategy was associated with lower counts of actions and counts of trials, compared
to the other strategies.
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The overall impression of model 1 and model 2 is that they produce data that, in many ways,
are similar to the observed data, and which for the present study is considered to be satisfactory.
6.2.

S IMULATION

6.2.1.

STUDY

2: S TRATEGY R ETRIEVAL

Original version of the Traffic task

To investigate the accuracy of retrieval of latent programs (strategies), data were simulated using parameter values from Table 1, and then classified with the Multinomial naı̈ve Bayesian
classifier augmented with n-grams, as described in Section 5. Here n-grams of size n refer to
computing all n-grams from 1 to n, for example an n-gram with n = 3 includes all combinations
of 1-grams, 2-grams and 3-grams.
A total of 10 simulated data sets of sample size N = 24859 were created. Sets 1 to 9 were
used to ”train” the classifier by calculating the likelihoods of the n-grams given each strategy
class. The classification accuracy (% correctly classified) was then assessed by classifying the
data from the 10th set. The classification accuracy was evaluated for n-grams 1:1, 1:2, ..., 1:15.
The results are presented in Figure 6. The classification accuracy for n-gram sizes yielded an
accuracy of 0.52 for 1-grams and increased with greater n-grams to an accuracy of 0.72 for
n = 15.

n
1
2
3
4
5

acc
n
0.52
6
0.62
7
0.65
8
0.66
9
0.67 10

acc
0.68
0.70
0.70
0.71
0.71

n
11
12
13
14
15

acc
0.71
0.71
0.72
0.72
0.72

(a)

(b)

Figure 6: Panel (a): classification accuracy (acc) for different n-grams (n). Panel (b): confusion
matrix when preprocessing the data with 1:15-grams, the matrix is normalized over rows.
Results presented in Table (a) in Figure 6 show that it is important to take the sequential
dependencies into account to improve the classification of problem-solving strategies. The confusion matrix provides a more detailed account of the classification accuracy. We can for example see that the random actions strategy and least angle strategy are predicted correctly with
an accuracy of 97%, and 88%, respectively. The prediction of the strategy travel time is 5% of
times wrongly predicted as least angle, 12% predicted as random paths, 1% wrongly predicted
as the straight line strategy, and 9% predicted as visual length strategy. We can also see that the
visual length strategy is quite often (41%) wrongly predicted as the travel time strategy.
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Figure 7: Examples of generalized versions of the Traffic task. The green node indicates the
start and the red node indicates the goal. Numeric labels indicate the travel times.

6.2.2.

Generalized version of the Traffic task

It is not only important to understand the classification performance on the specific Traffic task
that appeared in the PISA assessment, but also how it might be affected if the items had other
properties. To investigate how the effects of changes in item design relate to classification accuracy, generalized versions of the Traffic task were generated by changing the node size and
adding variation to the layout of roads and travel times, see Figure 7 for examples. For an explanation of the procedure used to generate generalized versions of the tasks, see Algorithm 3
in Appendix 9.2.
Traffic tasks with node size varying from n = 3 to n = 15 were generated, 10 of each
size. 1,000 problem solvers were then simulated to try to solve each of the generalized tasks.
Plots were drawn to assess how classification accuracy was affected by both problem size and
the number of actions carried out by the problem solvers. The results are presented in Figure
8, where panel (a) shows a positive relationship between the classification accuracy and node
size of the problems. In panel (a) we can also note that there is also variation in classification
accuracy between problems of the same size. In panel (b) a similar positive trend can be observed
between accuracy and the mean number of actions done by problem solvers, suggesting that
classification improves when more actions are produced.
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(a)

(b)

Figure 8: Classification accuracy versus the number of nodes in the problem (a). Classification
accuracy versus the mean number of actions (noa) received by the problem (b).

6.3.

S IMULATION

STUDY

3: S TRATEGY P ERFORMANCE

To assess the performance of each of the strategies, the number of actions and the proportion of
solved items were used as performance measures. The simulated data were the same as those
used in the previous Section 6.2.

(a)

(b)

(c)

Figure 9: (a) Number of actions (noa) for each strategy before solving the PISA Traffic task.
(b) Number of actions for each strategy on generalized problems as node size increases (random
actions strategy was removed from this plot to increase interpretability). (c) Mean score for each
strategy on generalized problems as node size increases. The intervals in panel (b) and (c) show
95% confidence intervals
Figure 9 panel (a) shows the number of actions for each strategy that solved the original PISA
Traffic task. The strategies that had the best performance on the original PISA problem-solving
task in terms of the proportions of solved tasks were the travel time strategy and the visual
length strategy, median = 0.88, and 0.89, respectively. Regarding the efficiency of problemsolving indicated by the median number of actions before solving a task, travel time was the
most efficient in the original Traffic task (median = 6). The random actions strategy was the
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lowest-performing strategy, only 1 out 12431 simulated problem solvers managed to solve the
original Traffic task.
On generalized versions of the task, the best scoring strategy was the straight-line strategy
with 0.79 proportion of solved tasks. The most efficient strategies in the generalized tasks were
the straight-line strategy with a median of 7 actions before solving a task.
Figure 9 panel (b) shows the number of actions for each strategy on generalized tasks as
the node size of the problem increases. We can see that both the travel time strategy and the
straight-line strategy are less affected by the increased size of the problem. The random actions
strategy has been removed from panel (b) to increase the interpretability of plots. Panel (c)
shows how the mean score in the tasks is related to increasing the node size of the problems.
Table 3 provides complementary summary statistics to Figure 9.
Table 3: Proportion of solved items for simulated data on original (score og.) and generated
tasks (score gen). Median number of actions for solved tasks for original PISA Traffic task (noa
og.) and generalized (noa gen.) tasks.
strategy
least angle
random actions
random paths
straight line
travel time
visual length

7.

score og.
0.61
0.00
0.63
0.59
0.88
0.89

score gen.
0.76
0.14
0.59
0.79
0.72
0.60

noa og.
49
8
39
54
6
12

noa gen.
7
26
13
5
4
8

S TUDY 2: A PPLYING LATENT STRATEGY INFERENCE TO PISA DATA

To apply latent strategy inference to the real test-takers’ data, and to collect validity evidence
regarding classifications, it was investigated how the inferred strategies of real test-takers’ behavior related to their task performance and overall PISA problem-solving performance. Testtakers’ number of actions and number of trials are presented in boxplots and can be compared
with the boxplots in Figure 12. Boxplots were also drawn for response times since it could be
interesting to see how the real test-takers’ response times are distributed for test-takers with the
same strategy classification. The data cleaning process for the empirical data is described in
Appendix 9.1.
7.1.

L ATENT

STRATEGY INFERENCE ON REAL TEST- TAKERS

The strategy (most probably) used by real test-takers was inferred by the classification procedure outlined in Section 5, with the exception that all 10 sets of simulations were used to train
the Bayesian classifier before using it on the data from real test-takers. The results from the
classification proportions are shown in Table 4.
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Table 4: Proportions of classified strategies from real test-takers
predicted strategy
least angle
random actions
random paths
straight line
travel time
visual length
7.2.

TASK

proportion
0.29
0.01
0.46
0.08
0.08
0.07

PERFORMANCE PREDICTED BY STRATEGY

To investigate whether the test-takers differed in the probability of solving the Traffic task depending on their predicted strategy, a beta-binomial model (Levy and Mislevy, 2017) was used
to model the probability of solving the Traffic task for test-takers that had the same strategy classification. In this case, the success parameter p governs the probability of answering the item
correctly. The following model was used:
yk ∼ Binomial(Nk , pk )
pk ∼ Beta(1, 1), for k = 1, 2, . . . , 6

A uniform beta distribution was used as prior for the success parameter p for each strategy
k. Nk indicates the number of test-takers classified as using strategy k. The results show that
the strategy classification of the test-takers is related to differences in the probability of solving the Traffic task. The parameters for the Beta-Binomial model were estimated using grid
approximation.
The random action strategy had a low probability of success p̂ ≈ 0.11. To put this number
into context, the probability of success of all test-takers was 0.71 which is about 6.5 times higher
than the estimate of the probability of success of test-takers classified as using the random actions strategy. Test-takers classified as using the travel time strategy had the highest probabilities
of solving the task, p̂ ≈ 1, that is, everyone that was classified as using travel time solved the
task. For the success parameters of the remaining strategies see Figure 10
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Figure 10: The posterior density of the success parameter p for each of the strategies. The figures
at the top of the distributions indicate the maximum a posteriori of the success parameter p̂.
7.3.

P ISA

PERFORMANCE PREDICTED BY STRATEGY

To investigate the effect of strategy on PISA performance the following regression model was
used:
pisa scorei ∼ Normal(µi , σ)
µi = α + βstrategy[i] + βtask score × task scorei
α ∼ Normal(500, 100)
βstrategy ∼ Normal(0, 100)
βtask score ∼ Normal(0, 100)
σ ∼ Half-Normal(100)

In this model, the subscript i indexes test-takers 1, 2 . . . 24859. The pisa scorei refers to
the PISA score of the ith test taker, which is modeled as normally distributed with a mean that
depends on the intercept α, the strategy classification of the ith test-taker βstrategy[i] , and the
task score of the ith test-taker task scorei . The coefficient βstrategy represents the effect the
specific strategy classification of a test-taker has on their PISA score. The coefficient βtask score
is used to account for the effect a correct score on the Traffic has on the PISA score. Since PISA
scores are known to be normally distributed around a mean of 500 with a standard deviation of
100, priors on the intercept α and the parameter for the standard deviation σ were set to reflect
this knowledge. Since we do not have any prior knowledge regarding the potential effects of
strategy on the PISA score, we chose a Normal(0,100), for both β-coefficients, which reflects
a prior belief that these effects are centered around 0 but allows for large variations around the
mean.
The task score was included as a predictor since performance in the Traffic task is influencing
the estimate of the PISA performance scores. We are interested in the effect of the strategy
independent of whether the item was solved or not. A model without task score as a predictor
was however also fitted and showed the same pattern for the βstrategy -coefficients, but with
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slightly larger effects of each strategy, and an especially larger negative effect from random
actions. Results are presented from the model that includes task score as a predictor.
The model was implemented in Stan (Carpenter et al., 2017) which uses Hamiltonian
Markov Chain Monte Carlo to estimate the posteriors.

Figure 11: The effects of strategy on the PISA score, posterior deviations from the global intercept. On the right-hand side point estimates are provided (posterior mean with 95% CI in
brackets).
The results from predicting the PISA performance from the problem-solving strategy are
presented in Figure 11. Histograms of the posterior β parameter for each of the strategies
are displayed together with mean and 95% credible Intervals (CI). The only strategy with a β
parameter that differed from 0 with probability > 0.95 was the random actions strategy with
βrandom actions : µ = −65.36, CI95% = [−96.05, −36.09]. The global intercept was estimated
to 410.10, CI95% = [373.12, 448.12] effect of task score was estimated to 98.81, CI95% =
[96.32, 101.32].
7.4.

N UMBER

OF ACTIONS , NUMBERS OF PATHS , AND RESPONSE TIME

Figure 12: The number of actions (noa), number of trials (npaths), and the response time (rt) the total time spent on the task for test-takers sharing the same strategy classification.
If we look at Figure 12, and Table 5, we see that the number of actions of test-takers classified
as using a random actions strategy has a 0 median number of trials, indicating that most of
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the test-takers classified as using this strategy did not complete any paths between Diamond
and Einstein. It should also be noted that while the straight line strategy has a greater median
number of actions and greater median number of trials, the median response time of the straight
line strategy is shorter compared to the response time of the travel time strategy.
Table 5: Number of actions (noa), Median number of trials, median response time (rt) for the
predicted strategies.
predicted strategy
least angle
random actions
random paths
straight line
travel time
visual length

8.

noa trials
22.00 3.00
6.00 0.00
38.00 4.00
16.00 3.00
6.00 1.00
12.00 2.00

rt
66.80
71.30
91.00
49.70
54.00
51.40

D ISCUSSION

The present study aimed to 1) create a theoretically informed computational model that simulated different problem-solving strategies in a PISA 2012 problem-solving task; 2) investigate
whether it was possible to retrieve the strategy that was underlying the observed problem-solving
behaviors, and whether the performance of the strategy retrieval was affected by changing item
design; and 3) evaluate how different problem-solving strategies performed in both the original
Traffic task and in generalized versions. Finally, the study aimed to 4) apply the model to data
from real test-takers to infer which strategy had the highest probability of having generated the
test-takers’ actions, and whether the test-takers’ inferred strategy was related to performance in
the Traffic task and general PISA problem-solving performance.
8.1.

D ISCUSSION

OF

S TUDY 1: S IMULATIONS

In the first simulation study, the behavior of the computational model was evaluated by comparing it to the behavior of real test-takers. It was found that all of the strategies except random
actions were sufficient to solve the task (random action can theoretically be able to solve the
task, but the probability is very low). Overall, the computational model seemed to simulate data
that were similar to the empirical data according to the statistics and plots that were considered.
Equality between simulated data and test-taker data regarding the probability of success, mean
numbers of actions, and numbers of trials, was within a 95% CI. The percentage of simulated
data that exactly matched the empirical problem-solving data was around 20%, which might
seem like a low figure. However, it cannot be expected that the exact match statistic would be
very high since the complexities of real human behavior, in combination with the many potential
ways of creating sequences, allow for many unique sequences to be created. In the data from
real test-takers, around 70% of the sequences were unique. We should also note that the proportion of exact matches is partially limited by how many simulations were run, which were limited
due to time constraints. Since not all parameters of the model were optimized it is possible to
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achieve a better fit; however, since this comes at a high computational cost with the current
parameter estimation method it was not practical to pursuit a better fit.
The simulations that investigated the retrieval accuracy of the Naı̈ve Bayes classifier showed
that the accuracy improved with increased n-gram size. This demonstrates that it is important
to take sequential dependencies into account when making inferences from this kind of process
data. That the classification accuracy was not higher than 72% can be explained by identifiability
issues. For example, the random paths strategy can produce any of the paths that the other
strategies are capable of producing (except random actions). For example, the random paths
strategy might be fortunate and find the correct answer on the first attempt the same way the
travel time strategy often does. This could also be true for some of the other strategies. For
example, we can see from the confusion matrix that for 41% of the classifications of the visual
length strategy was falsely predicted to be the travel time strategy. This means that the retrieval
accuracy of all strategies, using this kind of data and this specific method of inference, will
not be perfect. However, for most strategies, the classification accuracy was between 70% and
97%, showing that there are differences regarding the extent to which inferences can be trusted.
When interpreting the scatter plots in Figure 8, it can be seen that there is a positive linear trend
between the number of nodes and classification accuracy, and also a linear trend between the
mean number of actions on problem and classification accuracy. This seems reasonable since
an increased node size of problems leads to a problem with an increased number of connections
between nodes, and more paths to search among. For bigger problems, more actions have to
be made before a solution is found or motivation runs out, which provides more opportunities
for deviations in behavior that can be used to identify the strategies. Consider a test-taker who
only completed two actions, it would be impossible to determine which strategy the test-taker
used with any degree of certainty since most strategies would start similarly. However, when
many actions are completed, the action sequences are more likely to diverge due to differences in
action selection between strategies. The results from the classification accuracy on generalized
problems show a variation in classification accuracy for different problems, sizes of problems,
and the number of actions that were needed to solve the problem. The problem with the highest
accuracy had an accuracy of 90%; this specific problem had 15 nodes, 37 edges, and 25705600
unique paths between the start and goal node. This result shows that it is possible to create
problems with an increased diagnostic capability to identify solution strategies.
The results from the simulation study that investigated the performance of strategies showed
that, in the original Traffic task, all strategies, except random actions, were sufficient to solve the
task. This means that the test-takers could solve the task using at least five different strategies.
Interestingly, the random paths strategy does not use any information when selecting among
paths, which shows that it is possible to solve the task using a basic strategy of random trial and
error between different paths; the only thing that is needed to solve the task can be a little bit
of luck or a lot of effort. As can be seen in panel (a) in Figure 9, on the PISA Traffic task the
random paths strategy is actually on average better than a heuristic straight-line strategy. An
explanation is due to the specific design of the PISA Traffic task. Assuming the search starts
from the node Diamond, then the straight line strategy is biased toward first trying out paths that
start with edge B. On the other hand, the random paths strategy has a 0.5 probability of selecting
edge A. Since edge A is a sub-path of the solution path, and there are not many paths to choose
from there on, the random paths strategy will, on average, find the solution quicker. The result
showing that the travel time strategy had a good overall performance is less surprising given
that this strategy optimizes what is important for solving the task, namely, choosing the path
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with the lowest travel time cost. The visual length strategy was effective in solving the original
Traffic task but had a lower probability of solving the generalized versions. Other strategies
such as straight line and least angle strategy seem to be on par or better with the travel time
strategy on generalized problems. The results show that different strategies can be both efficient
and effective. From the plotting graphs showing how the node size of the problem relates to
the proportion of solved tasks, we find that the difficulty of problems increases as the node
size increases, and that this applies to all strategies. However, some strategies, such as random
paths and visual length have a harder time solving the more complex tasks. If it would be of
interest to make the task more difficult, so that it is not as likely to be solved by a simple strategy
(random paths), a recommendation would be to increase the node size of the task, or the number
of connections between nodes.
8.2.

D ISCUSSION

OF

S TUDY 2: A PPLICATION

The second study classified data from real test-takers and investigated the effect of classification
on the probability of solving the task, and the effect of classification on overall test performance.
Most test-takers were classified as using the random paths and least angle strategy. Comparatively few test-takers were classified as using the visual length strategy, and very few test-takers
were classified as using the random actions strategy.
That the test-takers classified as implementing random actions had a very low probability of
solving the task seems logical with respect to the definition of the strategy and the results from
the simulations, and provides further validity evidence regarding the classifications. However,
it is somewhat surprising that the probability of correct was as high as 0.11 which indicates
that some test-takers classified as random actions actually solved the task. This suggests that
the random actions strategy can be viewed as a residual class which includes some test-takers
that had behavior that was very idiosyncratic compared to any other strategy, and perhaps had a
fragmented way of building their paths which would be similar to the behavior generated by a
random actions strategy.
Further validity indications are given in Figure 12 which shows that test-takers classified as
using the random paths strategy used a relatively greater number of actions, and the test-takers
using the travel time strategy used a relatively fewer number of actions, both results are in line
with the results from the simulations. However, we can see that the test-takers classified as
using random actions had quite a low number of actions, and 0 median number of trial attempts,
which could indicate low motivation, misunderstanding, or behaviors driven by other goals than
trying to solve the task. The fact that the response time of random actions is similar to other
classifications could indicate increased deliberation time or idleness between actions. We can
also note that the median response time of test-takers classified as using the travel time strategy
is longer compared to both the straight line- and visual length strategy even though the travel
time strategy had a lower median number of actions, this result also indicates an increased
deliberation time form test takers using the travel time strategy which seems reasonable given
that the travel time strategy should be more cognitively demanding.
Regarding the effect of strategy use on PISA performance, the random actions strategy was
the only strategy with a strong deviation from the mean and had a negative effect on the PISA
score. This means that test-takers behaving as if they were using the random actions strategy
in the Traffic task had a lower overall problem-solving test performance. The result seems reasonable, given that the random actions could indicate unmotivated behavior or misconceptions
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about the task. The fact that the other strategies did not affect the overall PISA problem solving
score indicates that the different strategies used in the Traffic task were not strongly related to
overall problem-solving skills. A reasonable explanation in our case would be that using an efficient strategy for one specific kind of problem might not have much in common with the ability
to solve other kinds of problems. This result is in line with Ulitzsch et al. (2021), wherein the
test-takers’ strategies derived from performed actions were not predictive of their proficiency
level.
Overall, we find that using simulations from a computational cognitive model makes it possible to find interesting and useful information about the possibility to identify and evaluate
problem-solving strategies. The development of a cognitive model also leads to a greater appreciation of the complexity of the data-generating process and the kind of thinking processes that
might govern the observed problem-solving behaviors.
8.3.

L IMITATIONS

AND

F UTURE R ESEARCH

A limitation of the present study is that the selection of strategies is non-exhaustive and that
there could exist other strategies that were not considered. This has the effect that all testtakers that used some other strategy that is not represented among the a priori defined strategies
will be forcedly classified into one of these strategies. Thus, removing or adding strategies
would affect the results of this study. The limitation due to the non-exhaustive consideration
of all strategies is related to another limitation, which is that no empirical information was
retrieved from the real test-takers subjective experience regarding how they would account for
their problem-solving strategies. Ideally, think-aloud protocols (Ericsson and Simon, 1984) in
conjunction with behavioral observations of the test-takers could be used to improve and give
further credibility to the selection of strategies to be included in the model. Eye-tracking data
would also provide valuable and detailed information regarding the test-takers’ search strategies.
Thus, future studies could improve upon the current methods by collecting additional empirical
data from real test takers which complement the behavioral data derived from the existing clickstream data that was used in this study.
For reasons expressed in the introduction, no standard path planning AI algorithm was used
in this study to compare human search behavior against the behavior of computer algorithms.
However, future studies could make further investigations with respect to how well standard
algorithms from computer science can account for human search behavior in the Traffic task.
Less memory-intensive versions of A*, weighted A*, and iterative deepening A*, could be
interesting alternatives.
A limitation of the current study is that time latencies between actions are not considered.
Ulitzsch et al. (2021) have shown that within-task response times are important for differentiating between response processes. This is also indicated by the planner clusters identified by
Lundgren and Eklöf (2020). However, there are conflicting results with respect to how important
time is in classification, as both Salles et al. (2020) and Qiao and Jiao (2018) found time-related
features to be unimportant in classification. When modeling response times, attempts could be
made to model the timing intervals between actions using cognitive architectures which provide
theoretically sound estimates of latencies between actions and cognitions, and then investigate
whether this more refined modeling leads to improved inferences. Taking response latencies
into consideration would also be a move towards ”strong equivalence” between models and the
real thing, a stronger argument that models over cognition are valid (Pylyshyn, 1984).
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An improved method of parameter fitting of the computational model could have provided
a better fit for the model developed in this study. There are methods, such as approximate
Bayesian computation (Kangasrääsiö et al., 2019), or genetic algorithms, that can be used to
estimate or optimize parameters in models without explicit likelihood functions. Future studies
could explore if such methods are practical to use for models similar to the one developed in
this study. Many parameters that could be of potential diagnostic interest, such as motivation,
probability of forgetting, and indecisiveness, were set as fixed values and not estimated at the
individual level, perhaps with more data and improved estimation techniques, this could be
possible.
Apart from the clear opportunities to use computational cognitive models to retrieve a deeper
and more detailed understanding of test-takers’ skills and approaches to problem solving, there
are also great opportunities for item development, e.g. by creating items that are optimally
informative about latent constructs, for a formal approach to designing optimal tasks see Rafferty
et al. (2014).
There are practical concerns about using models that address process data on the level of
task performance. Creating computational models is a relatively time-consuming task, and there
is often limited generalizability of task-level models to other kinds of tasks. See Leighton and
Gierl (2007) for a more extensive discussion on this subject. However, task-level models still
play an important role in the validation of score meaning (Kane and Mislevy, 2017). Without
creating models that can account for and explain the link between observed process data and
latent constructs, there are few convincing arguments that support that a test item within an
assessment actually does measure the construct they are supposed to measure.

9.
9.1.

A PPENDICES
DATA

CLEANING AND PRE - PROCESSING OF EMPIRICAL DATA

The PISA data file contains a time-stamped log of the clicks that were made, as well as a boolean
vector representing the state of highlighted edges in the graph. For a more detailed explanation
of the data and how it relates to the task, see (Lundgren and Eklöf, 2020). The log file contained
information about clicks on areas of the Traffic task that does not result in any change in the task
environment; non-effective clicks outside the edges, or outside the reset button, for example,
clicks on text, or the background image, help menu, etc. All of these non-effective actions were
removed as they were not of interest when modeling the problem solving strategies. The actions
that were retained were clicks on the reset button and clicks on path segments (edges). When
exploring the data, it was found that some of the test-takers double-checked the correct answer.
These double checks were removed since they fell outside the conceptualization of the problemsolving strategy. Some of the test-takers started out by clicking the reset button multiple times,
which seemed unlikely to be driven by their strategy to find a path, and thus any of these initial
reset actions were removed.
In the present study, the main interest was in using sequences of events. Thus, specific time
observations were discarded. This resulted in data in the form of an ordered list of actions. The
list of actions was represented as a string by coding each action type with a single symbol and
aligning them in their temporal order, the same type of representation as the ”action string” used
by Hao et al. (2015). In the present study, actions were coded with the letters {A, B, . . . , X},
X refers to clicking the reset button, and the other letters refer to clicking on specific edges.
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For the mapping between letters and actions, see the annotations in Figure 1. As an example,
(assuming no previous actions were taken), a sequence of actions leading up to the highlighted
path in Figure 1 is represented by BTIPK.
Data were retrieved from the official PISA website: https://www.oecd.org/pisa/
pisaproducts/database-cbapisa2012.htm. All data that passed through the above
described pre-processing were used, which resulted in N = 24,859 observations.
9.2.

A LGORITHM

FOR CREATING GENERALIZED VERSIONS OF

T RAFFIC

TASK

Algorithm 3 Generate a Traffic task
1: chose the desired node size of problem
2: angle ∼ U (0, 2π)
▷ sample direction to walk
3: radius ∼ U (3, 10)
▷ sample length of walk
4: x ← radius × cos(angle), y ← radius × sin(angle)
▷ convert to Cartesian coordinate
5: position ← [x, y]
6: nodes.append(position)
▷ save node position
7: while node size < desired node size do
8:
repeat step 2 to 6 if it does not lead to positioning nodes too close to each other
9: end while
10: create a graph from list of nodes by using Delaunay triangulation.
11: edgetravel time = edge length + noise∼ U ({−2, −1, 0, 1, 2} ▷ give each edge a travel time

10.

S UPPORTING MATERIALS

See the repository at https://doi.org/10.5281/zenodo.6670627 named Supporting materials for ”Latent program modeling: Inferring latent problem-solving strategies from a
PISA problem-solving task”, Digital Object Identifier (DOI): 10.5281/zenodo.6670627.
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